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We p re se n t  an expres s ion  for  calculat ing the f i r s t  root  of the c h a r a c t e r i s t i c  equation in heat  
conduction p r o b l e m s  with boundary  conditions of the f i r s t  and thi rd  kinds. 

In o r d e r  to make  p rac t i ca l  use of the 
hollow sphe re  we need to know the roo ts  p n 
to know the f i r s t  root  p t, which de t e rmines  
g lme.  However  in the avai lable  handbooks 
a r e  main ly  for  a solid sphere  and cyl inder .  

solutions of heat  conduction p rob l ems  for  a hollow cyl inder  o r  
of the c h a r a c t e r i s t i c  equation; in pa r t i cu l a r ,  tt is impor tan t  
a t e m p e r a t u r e  change in the body in the r egu l a r  t h e r m a l  r e -  
on heat  conduction theory  [1, 2] the tables  of # 1 that  a r e  given 

The manne r  in which g 1 is p resen ted  adds to the difficulty of 
analyzing the heat ing r eg i m e  in the genera l  case ,  and the avai lable  approx imate  fo rmulas  a re  usual ly valid 
only for  a fa i r ly  na r row range  of var ia t ion  of the defining p a r a m e t e r s  (the Biot number ,  in pa r t i cu la r ) .  

We cons ider  the p rob lem of heat  conduction for  a spher ica l  body (a hollow sphere) ,  one su r face  of 
which undergoes  convective heat  t r a n s f e r  with a mean  constant  t e m p e r a t u r e  and the other  sur face  is t h e r -  
ma l ly  insulated; the init ial  t e m p e r a t u r e  of the sphere  is equal to zero:  

1 Ot O2t 2 at 
+ . . . . .  , F o > 0 .  (1) 

( l - - K )  ~ 0Fo dO 2 9 Oo 

The boundary conditions a r e  

1 ~ K  Ot a t  
p =  1, t M - - t ,  P = K ,  = 0 .  (2) 

Bi 0 9 Op 

The equation and boundary  conditions a r e  wri t ten  in a fo rm which appl ies  to both the case  of heating 
on the ou te r  su r face  0 _< K _< 1, K -< p--<- 1, as  well  as to the case  of heating on the inner  su r face  K _> 1, 
l ~ p _  ~ K. 

To solve this p rob lem we made a f i r s t  approximat ion  as follows: 

1 / 
t =  [ ~ ( t M - - t . n s ) - - i  i - - - -  

p--1 )~. Bi (3) 
K---t + tin~ [~ B i + K + I  

The express ion  (3) sa t i s f i e s  the boundary conditions on both the heated and the insulated su r f aces .  

We used L. V. Kantorov ich ' s  var ia t ional  method to de t e rmine  tin s.  
we obtained the following express ion :  

Af ter  making the t r a n s f o r m a t i o n s  

t 1 - -  1 | exp (--  mFo), (4) 
M 

101~ ~3 (I § K) - -  2~1 m = (5) 
IO(K2-~ K-F I)--5~(3-FK) § 2 

Without going into an ana lys i s  of  this  resu l t ,  we m e r e l y  r e m a r k  that  i ts  a c c u r a c y  can be increased  by 
cons ider ing  the second and success ive  approximat ions .  A compar i son  of express ion  (4) with the known 
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T A B L E  1. C o m p a r i s o n  of Exac t  and Approx ima te  Values  of iz I 

o.oolo,, o.o[o, i ,o o,oi ,o I,o . 
for the infinite plate 

(.lapprox)pl 10,2425i0. 3111 I0, 705210 , 791110 , 860611 , 350611,404411 ' 436511 , 505311 , 561611,5811 
(P ...... )pl p,2425[0,311110,705110 , 7910i0,860311 ,M9611,3978lx, 428911,496111,551411,57o8 

6, ~ I - I - -I 0,01 10,01 io ,o3 1 o ,o71o ,471  ~ 0,61 [ 0,66 [ 0,67 
1 

Bi 0,1 1,0 2,0 { 10,0 
I 

(u ~ approx)sph* j 0,5431 
(glexact)spho 0,5423 

6, % 0,15 

for the sofid sphere 

1,5811 2,0412 
1,5708 0,0288 
0,67 0,61 

2,8504 
2,8363 
0,50 

3,1623 
3,1416 
0,66 

Tab le  2.  C o m p a r i s o n  of the  Exac t  and Approx ima te  Values  of/~1 
f o r  the  Solid and hol low cy l i nde r s  

t K= 0 

Bt I 0, I 1,0 

(g,approx)~y 1 0,4271 
(p texact)cyl[ 0,4417 

6,% [ 3,3 

1,2208 
1,2558 
2,8 

2,1439 
2,1795 

1,6 

2,3717 

2,4048 

14 

0,08 

0,3552 
0,36096 

1,6 

K=0, 

0,8 . 8,0 

1,02805 1,85925 
1,03412 i ,8448 

0,6 0,8 

80 

2,05803 
2,0358 

1,t 

I 
K=0,4 K=0, 6 K~0,8 

Bi 0,06 0,6 I 6,0 0,08 0,8 20 O,l 1,0 [ i0 
I i i �9 

0.28960] 0,84707 1.0228L0,3,205 0,8869[,,67181 0,32801 0,90764 1,5040 
(Pmxact)Cy ~. 0,29004 0,84626 1,61750,31216 0,88561,6584 0,32790 0,90675 1,4986 

6, % 0,I O,l 0,3 0,1 0,15 018 0,1 0,1 0,4 

K=2.o /(=3,0 K=4,O 

Bi 1 ~ oo ~o 

(P lapprox)Cyl 
(# lexact)cyl 

6,% 

0,7192 
0,7057 
1,9 

1,3502 
1 , 3 6 1  

0,7 

1,2762 
1 , 2 5  

2,1 

1,2121 
1,175 

2,9 

so lu t ions  of  this  hea t  conduct ion p r o b l e m  shows that  the quant i ty  m c o r r e s p o n d s  to the squa re  of the f i r s t  
r o o t  of the c h a r a c t e r i s t i c  equat ion,  i . e . ,  

2 
m = OXlapprox)sphere (6a) 

Thus  the e x p r e s s i o n  (5) can be u s e d  to d e t e r m i n e  # l a p p r o x -  In the o the r  spec ia l  c a s e s  this  e x p r e s -  
s ion a s s u m e s  a s i m p l e r  f o r m :  

fo r  a sol id  sphe re  (K= 0): 

2 
m o = 0Xlapprox)osphere~ 

for an infinite pla te  (K = 1): 

2 
mplate:-=(~lapprOxsphere = 

B i ( B i + 3 )  
0,1 Bi~-t - 0.5 Bi-l- 1 

(6b) 

Bi (B i+3)  
0.4Bi ~ 3 - 2 B i + 3  ' 

(6c) 
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fo r  boundary  conditions of the f i r s t  kind (Bi ~ co): 

m -- 2 3 K +  1 (6d) 
sP h~r(~tlappr~ K2+0,5K+0,1 

To e s t ima te  the a c c u r a c y  of these  expres s ions  we compared  the values  of p i approx in the case  of 
the solid sphere  (K = 0) and the infinite plate  (K = 1), for  var ious  values  of Bi, with the exact  values  
P i e x a c t ,  given in [i]. The r e su l t s  a re  shown in Table  1. This  ana lys i s  shows that  the a c c u r a c y  of the ex-  
p r e s s i o n s  we have obtained for  p I in the case  of the sphere  and the plate is suff icient ly high, the max imu m 
e r r o r  not exceeding 0.67~/~. 

The expres s ions  (5) and (6a)-(6d) also enable us to calcula te  the values  o fp  t for  a long hollow cyl in-  
der ,  namely ,  # i c y l .  

As the calcula t ions  show, the values  of # l cyl,  with an accu racy  sufficient  for  appl icat ions,  obey the 
re la t ion  

1 
lamyl(K, Bi) ~ ~- [,Ulapprox(K, Bi) + bt lplate/Bi)]. (75 

Substituting into Eq. (7) the values  (P iapprox)sphere  and (Plapprox)pla te ,  calculated,  r e spec t ive ly ,  
f rom Eqs.  (6d)and (6c), we can de t e rmine  (Plapprox)cyl .  

When we com pare  the values  of {p I approx)cyl ,  obtained in this way, with the exact  values (Pi exact)cyl ,  
we find that,  fo r  applied pu rposes ,  the e r r o r  made  is comple te ly  al lowable,  although somewhat  high-  
e r  than that  fo r  #l  sphe re  and/~lpla te-  The r e su l t s  appea r  in Table  2. The exact  values  ~ i e x a c t ) c y l  used 
were  as follows: for  the solid cy l inder  (K = 05, we used the value given in [1]; for  the hollow cyl inder  
with outer  su r face  heated (K < 1), we used the value given in [41; f inally,  for  the hollow cyl inder  with hea t -  
ing on the inner  su r face ,  we used the value given in [5]. 

N O T A T I O N  

t is the t empe ra tu r e ;  
r ,  R a r e  the radii;  
p = r / R h s  is the d imens ion less  rad ius ;  

K = Rins /Rhs ;  
~- is the t ime;  
Fo = a ~ - / ( R i - R o  52 is the F o u r i e r  number ;  
Bi -- a ( R i - R o ) / k  ks the Biot number ;  
a is the t h e r m a l  diffusivity; 
a is the heat  t r a n s f e r  coefficient;  
X is the t h e r m a l  conductivity; 
p is the root  of c h a r a c t e r i s t i c  equation. 

S u b s c r i p t s  

hs 
ins 
i and o 
M 

is the heated surface;  
is the insulated sur face ;  
a r e  the inner  and outer  su r faces ;  
is the heated medium.  

to 
2. 
3. 

4. 
5. 
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